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MODEL

•Let S =
[
−1
2 ,

1
2

]d
. Given n ≥ 1 and λ > 0.

•Sample N ∼ Poi(λn)
•Locations: X = (Xu)

N
u=1, Xu ∼ Unif(S)

•Two communities: σ = (σ(1), · · · , σ(N))

P(σ(u) = +1) = P(σ(u) = −1) =
1

2

•Geometric kernel: ϕ : R+ → [0, 1] measurable

Given locations X and communities σ

Auv ∼

{
Ber(pψn(Xu, Xv)) if σ(u) = σ(v),

Ber(qψn(Xu, Xv)) if σ(u) ̸= σ(v),

where ψn(x, y) = ϕ
(

n
log nd(x, y)

)
.

ILLUSTRATION

IMPOSSIBILITY

Log-likelihood function:∑
v∼0

σv=σ0

log (pψ0v) +
∑
v∼0

σv ̸=σ0

log (qψ0v) +
∑
v≁0

σv=σ0

log (1− pψ0v) +
∑
v≁0

σv ̸=σ0

log (1− qψ0v)

PROBLEM STATEMENT

Problem: Given the locations X and the adjacency matrix
A, recover σ exactly.
•Estimate σ̂n of σn recovers the communities exactly if

lim
n→∞

P (σ̂n ∈ {±σn}) = 1

•An estimate is said to recover the communities almost-
exactly if for any η > 0, there exists an n0 large enough
such that for all n ≥ n0

P

(
max

s∈{±1}
|{v : σ̃(v) = sσ(v)}| ≥ (1− η)n

)
= 1− o(1).

MAIN RESULTS

Define an information metric

Iϕ(p, q) := 2

∫
R+

(
1−√

pqϕ(x)−
√

(1− pϕ(x))(1− qϕ(x))

)
dx

and a normalised interaction range

κ := sup{x : ϕ(x) ̸= 0}.
Impossibility.Let 0 < κ < ∞. If λκ < 1 or λIϕ(p, q) < 1,
then no estimator recovers the community structure ex-
actly.
Achievability. Let 0 < κ < ∞ and ϕ(x) > 0 for all
x ∈ [0, κ]. If λκ > 1 and λIϕ(p, q) > 1, then there ex-
ists a linear-time algorithm (in the number of edges) that
recovers the community structure exactly.

ALGORITHM

Phase I: Almost-exact recovery

Division into blocks Initialization Propagation

Phase II: Exact recovery

Refinement
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